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EPFL “Indicative Student 
Feedback on Teaching”

• https://www.epfl.ch/education/teaching/teaching-
support/resources-for-students/#indicativefeedback 

• Please fill in the single question by this 
Sunday (23rd March)! 
• “The running of the course enables my learning and 

an appropriate class climate” 
• Longer constructive comments are welcome 

(yes/no have very limited value)

https://www.epfl.ch/education/teaching/teaching-support/resources-for-students/#indicativefeedback
https://www.epfl.ch/education/teaching/teaching-support/resources-for-students/#indicativefeedback
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What about Exc? LDA!

<latexit sha1_base64="dtiatz9Ux4TmeD0UzGmxv6KN5so=">AAACEHicbVC7SgNBFJ2Nrxhfq5Y2g0GMTdw1QW2EoI1lBPOAbAyzk9lkyOzsMnNXCEs+wcZfsbFQxNbSzr9x8ig0euDC4Zx7ufcePxZcg+N8WZmFxaXllexqbm19Y3PL3t6p6yhRlNVoJCLV9IlmgktWAw6CNWPFSOgL1vAHV2O/cc+U5pG8hWHM2iHpSR5wSsBIHftQdTS+wJ5gARRKx2Uv5lh6ivf6cHSXeoEiFLu4NOrYeafoTID/EndG8miGasf+9LoRTUImgQqidct1YminRAGngo1yXqJZTOiA9FjLUElCptvp5KERPjBKFweRMiUBT9SfEykJtR6GvukMCfT1vDcW//NaCQTn7ZTLOAEm6XRRkAgMER6ng7tcMQpiaAihiptbMe0TEwKYDHMmBHf+5b+kflJ0T4vuTTlfuZzFkUV7aB8VkIvOUAVdoyqqIYoe0BN6Qa/Wo/VsvVnv09aMNZvZRb9gfXwDop+bFQ==</latexit>

rs = (3/4⇡n)
1
3

Quantum Monte Carlo accurate calculation of the total energy 
of a homogeneous electron gas
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Fitting with an analytical formula: Perdew-Zunger

<latexit sha1_base64="YtNDl1TXl/wmvBzm4eMfaqg1y5Q=">AAACDHicbVDLSgMxFM3UV62vqks3wSLUTZ3Rom6EYhFcVrAP6Iwlk962oZnMkGQKZegHuPFX3LhQxK0f4M6/MX0stPVA4OSce7n3Hj/iTGnb/rZSS8srq2vp9czG5tb2TnZ3r6bCWFKo0pCHsuETBZwJqGqmOTQiCSTwOdT9fnns1wcgFQvFvR5G4AWkK1iHUaKN1MrmbloNfIXLLhMai7w7AIrl8UNSPDkb4fb0a6rsgj0BXiTOjOTQDJVW9stthzQOQGjKiVJNx460lxCpGeUwyrixgojQPulC01BBAlBeMjlmhI+M0sadUJpndpqovzsSEig1DHxTGRDdU/PeWPzPa8a6c+klTESxBkGngzoxxzrE42Rwm0mgmg8NIVQysyumPSIJ1Sa/jAnBmT95kdROC855wbkr5krXszjS6AAdojxy0AUqoVtUQVVE0SN6Rq/ozXqyXqx362NamrJmPfvoD6zPHwljmRk=</latexit>

EX = C

Z
n(~r)4/3d~r

• We are approximating the exact (non-local) XC functional by a 
local one, obtained from a (numerical solution of the)  
homogeneous interacting electron gas 
(note: Thomas-Fermi was for non-interacting electrons)
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It works!

Yin and Cohen, 
PRL 1980 and 
PRB 1982
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LDA across materials space

Milman et al., Int. J. Quantum Chem. 77, 895–910 (2000)

...
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LDA
• Works typically quite well for lattice constants, bulk moduli, 

vibrational spectra, ... 

• It works because it approximates only a very small part of the energy

Kinetic Electrostatic Exchange

and correlation energy Ec ~ 0.1 Ex

From Hood et al., PRB 57 8972 (1998)

Error on Ex Error on Ec

• It works also because there is cancellation 
of errors: Ex too large, Ec too small
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Well, it does not always work…
SiO2 relative phase stability incorrect with LDA
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GGA: Generalised Gradient Approximation

• In molecules: electron density can vary rapidly, so uniform 
electron gas is not the best model 

• Next improvement: use a non-local functional 
• Simplest thing to do: use also the first derivative 

• It took quite some time to figure out the correct conditions 
for a good GGA functional that weren't worsening the results 
from LDA

<latexit sha1_base64="Vs3tzwvwiWMYe58z3sLC3+ufifQ="></latexit>

EGGA
XC [n] =

Z
n(~r)"GGA

XC

�
n(~r), ~rn(~r)

�
d~r
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XC hole in a model insulator

Nekovee, Foulkes, Needs, 
PRL 87, 036401 (2001)
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XC hole in a model insulator

Needs 2001
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Spherical average (Si atom)

From Puzder et al., PRA 64, 022501 (2001)

The XC hole only appears in the expression of the total energy 
via its spherical average 

The spherical average of the LDA excludes exactly 1 electron, as it should
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Summary on XC
• LDA (local density approximation) 
• GGA (generalized gradient approximation): BP88, 

PW91, PBE, PBEsol, BLYP, … 
• WDA (weighted density approximation – not much 

used) 
• Meta-GGA: Laplacian (second derivative): R2SCAN, ... 
• Hybrids (B3LYP, PBE0PBE, HSE): part of Fock exchange 

• Unpleasant part of DFT: there is no systematic way 
to improve the accuracy of the functionals
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LibXC
https://libxc.gitlab.io/

...
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LDA vs GGA vs hybrids
• LDA good for metals, under predicts bond lengths and 

lattice parameters 
• GGA better for molecules and solids (use PBEsol rather 

than PBE in this case), but often over predicts bond 
lengths and lattice parameters 

• GGA reduces by 3-5x errors on atomisation energies 
• Meta-GGA (R2SCAN) starts to emerge as a more 

accurate alternative (but pseudos not readily available) 
• Hybrids (with HF mixed in) typically better for energies 

and band gaps, but up to 100x more expensive!
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What can I do with it?

• Which properties are “ground state” properties? 

• How accurate are we? 

• What is the microscopic origin of the observed 
behavior? 

• How can we be realistic? 
• Introduce the effects of temperature, pressure, 

composition 
• Study non-periodic systems such as liquids 
• go from a few atoms to many
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Density-functional Practice
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Bravais Lattices

• Infinite array of points with an 
arrangement and orientation 
that appears exactly the same 
regardless of the point from 
which the array is viewed. 

• 14 Bravais lattices exist in 3 
dimensions (~1850)


R = la1 +m

a2 + n
a3     l,m and n integers

a1, 
a2  and a3  primitive lattice vectors

3a
!

2a
!

1a
!
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Bravais lattices14
7 
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4 Lattice types
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2d: are the "simple square" and "face-
centred square lattices" different?

• In 3D: simple cubic, face-centered 
cubic, and body-centered cubic are 
different lattices

• For the same reason, in 3D a face-
centered tetragonal can always be 
reinterpreted as a body-centered 
tetragonal (think about it!)

• In 2D: simple square and face-
centered square are the same!
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Bloch Theorem

• n, k are the quantum numbers (band index n and 
crystal  momentum k) 

• u is periodic (same periodicity as Hamiltonian)

• For periodic systems, the Hamiltonian is periodic, 
and Bloch theorem gives us the general form 
(and quantum numbers n, k) for a wave function:
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Bloch wavefunction

Enk

k

0 eV

-10 eV

ψnk (x)

Ingredient: 
periodic 

wavefunction unk

Bands and Bloch Theorem
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Reciprocal lattice (1D)
• What are the wavevectors G for which our plane wave has 

the same amplitude at all lattice points?

<latexit sha1_base64="1XRzOO+jB5aY+di5MoX3WKxSx1k="></latexit>

 nk(x) = unk(x)e
ikxBloch theorem:

<latexit sha1_base64="mZ9etfeP7763lrhtwWWBf0vGI3M="></latexit>

 nk(x+ a) = unk(x+ a)eik(x+a) = unk(x)e
ik(x+a) =  nk(x)e

ika

• Alternative form of Bloch theorem (amplitude of the wave 
function in neighbouring cells): 

<latexit sha1_base64="4F5z0NDKD6PsHBlT+U0aZy5fwog="></latexit>

eika = ei(k+G)a ) eiGa = 1 ) Gn =
2⇡n

a

• Adding to k any G=Gn doesn’t change the wavefunction:

a
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Reciprocal lattice
• In 3D: what are the wavevectors G for which 

our plane wave has the same amplitude at 
all lattice points ?

<latexit sha1_base64="tWkyEc81iJbMZa1jyh5NlD69mvA="></latexit>

ωGi · ωaj = 2εnϑij , n → Z
<latexit sha1_base64="0mIj0RHxItcHyV5JnFAYfpqknP0="></latexit>

ωG1, ωG2, ωG3 : reciprocal-space lattice vectors

<latexit sha1_base64="xyYF2/fWDszqm5yXP976V1DqpxE="></latexit>

ωa1,ωa2,ωa3 : real-space lattice vectors
<latexit sha1_base64="5Kl4/IMPPaHhiwwT5BTNTG3FspA="></latexit>

ei
ωG·ωr = ei

ωG·(ωr+ωR)

ei
ωG·ωR = 1

ei
ωG·(lωa1+mωa2+nωa3) = 1
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Reciprocal lattice

<latexit sha1_base64="1XWGKlfCjuEXn5IsNu49/mFuoX8="></latexit>

ωb1 = 2ε
ωa2 → ωa3

ωa1 · (ωa2 → ωa3)
, ωb2 = 2ε

ωa3 → ωa1
ωa1 · (ωa2 → ωa3)

, ωb3 = 2ε
ωa1 → ωa2

ωa1 · (ωa2 → ωa3)

<latexit sha1_base64="7lCrHxODrRoDC4W7rmK9U3M1CDs="></latexit>

ωGi = h1
ωb1 + h2

ωb2 + h3
ωb3

Reciprocal-lattice vectors Gi defined by all vectors
<latexit sha1_base64="tWkyEc81iJbMZa1jyh5NlD69mvA="></latexit>

ωGi · ωaj = 2εnϑij , n → Z

G vectors can be written on a basis set of 3 reciprocal lattice 
vectors bi (hi integers: the “scaled” reciprocal coordinates):

The bi vectors are thus defined by (matrix inversion!):
<latexit sha1_base64="5UINPk80a5n++bKNhZ105/8/CFg=">AAACE3icbVA9SwNBEN3zM8avqKXNYhDEItyJqI0SsLGMYBIhdxx7exOzce+D3TkhHPkPNv4VGwtFbG3s/Ddukis08cHA2/dm2JkXpFJotO1va25+YXFpubRSXl1b39isbG23dJIpDk2eyETdBkyDFDE0UaCE21QBiwIJ7eD+cuS3H0BpkcQ3OEjBi9hdLLqCMzSSXzl0H4DTwBfU5WGCdPxkfp+e0yM3NWoIEpmfi/7Qr1Ttmj0GnSVOQaqkQMOvfLlhwrMIYuSSad1x7BS9nCkUXMKw7GYaUsbv2R10DI1ZBNrLxzcN6b5RQtpNlKkY6Vj9PZGzSOtBFJjOiGFPT3sj8T+vk2H3zMtFnGYIMZ981M0kxYSOAqKhUMBRDgxhXAmzK+U9phhHE2PZhOBMnzxLWkc156R2cn1crV8UcZTILtkjB8Qhp6ROrkiDNAknj+SZvJI368l6sd6tj0nrnFXM7JA/sD5/AO/fnPg=</latexit>

ωbi · ωaj = 2εϑij
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Examples of reciprocal lattices

Direct lattice Reciprocal lattice

Simple cubic Simple cubic

FCC BCC

BCC FCC

Orthorhombic Orthorhombic

<latexit sha1_base64="2R7c/z+d+YLU0cgMBhT/prFVDZU="></latexit>

ωb1 = 2ε
ωa2 → ωa3

ωa1 · (ωa2 → ωa3)
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Supercells (case of orthorhombic cells)

<latexit sha1_base64="cr4/YtYdc9PsLRnM1KYyAsH1sT8="></latexit>���~b1
��� =

2⇡

a1
,

���~b2
��� =

2⇡

a2
,

���~b3
��� =

2⇡

a3

<latexit sha1_base64="/M8YSeEJDSoc+oREEbiHRVn7neI=">AAACTXicbZHNS8MwGMbT+bE5v6oevWQOwYNs7SbqcejF4wT3AWspaZpuwfTDJB2Msn/Qi+DN/8KLB0XErOtBt70Q+PG8z8ubPHFjRoU0jDetsLa+sVksbZW3d3b39vWDw66IEo5JB0cs4n0XCcJoSDqSSkb6MScocBnpuY+3s35vTLigUfggJzGxAzQMqU8xkkpydM8aEwxdx7TOYd2qWJW6gkxDjqnoKUEezD2NFZ7Ggqe5wtN09KpRM7KCy2DmUAV5tR391fIinAQklJghIQamEUs7RVxSzMi0bCWCxAg/oiEZKAxRQISdZmlM4alSPOhHXJ1Qwkz9O5GiQIhJ4CpngORILPZm4qreIJH+tZ3SME4kCfF8kZ8wKCM4ixZ6lBMs2UQBwpyqu0I8QhxhqT6grEIwF5+8DN1GzbysmfcX1dZNHkcJHIMTcAZMcAVa4A60QQdg8AzewSf40l60D+1b+5lbC1o+cwT+VaH4C4+erIM=</latexit>

~b1 //~a1, ~b2 //~a2, ~b3 //~a3

For orthorhombic cells:

a1

a2

a'1

a'2

b1

b2

b'1

b'2

Real space Reciprocal space

<latexit sha1_base64="2R7c/z+d+YLU0cgMBhT/prFVDZU="></latexit>

ωb1 = 2ε
ωa2 → ωa3

ωa1 · (ωa2 → ωa3)
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The first Brillouin Zone (2D)
Same real-space lattice, different choice of Bravais lattice vectors 

=> different choice of reciprocal vectors, but same reciprocal lattice

Real 
space

Reciprocal 
space

<latexit sha1_base64="zflJR0wp4PfHMFokkTXBO7XCO8s=">AAACKXicbVDLSgMxFM34rPVVdekmWAQFKZMi6kYouHFZwbZCZxgy6W0NZjJDkimUob/jxl9xo6CoW3/ETB+grQcCh3Pvubn3hIng2rjup7OwuLS8slpYK65vbG5tl3Z2mzpOFYMGi0Ws7kKqQXAJDcONgLtEAY1CAa3w4Sqvt/qgNI/lrRkk4Ee0J3mXM2qsFJRqXgg9LjNmZ+hh0esDwzQg+BIfkRPsHnveVKvmmnuCyXHRA9mZOoJS2a24I+B5QiakjCaoB6VXrxOzNAJpmKBat4mbGD+jynAmwK6Qakgoe6A9aFsqaQTaz0aXDvGhVTq4Gyv7pMEj9bcjo5HWgyi0nRE193q2lov/1dqp6V74GZdJakCy8UfdVGAT4zw23OEKmBEDSyhT3O6K2T1VlBkbbh4CmT15njSrFXJWITen5Zo7iaOA9tEBOkIEnaMaukZ11EAMPaJn9IbenSfnxflwvsatC87Es4f+wPn+AVsBok4=</latexit>(
~a1 = (1, 0)

~a2 = (0, 1)

<latexit sha1_base64="/U3Np+JCKlzhiwq4gkffiI8W0Aw="></latexit>(
~b1 = 2⇡(1, 0)
~b2 = 2⇡(0, 1)

<latexit sha1_base64="x9LWni7LXQfHewUaUAmeaIxDNF0=">AAACKXicbVDLSgMxFM3UV62vUZdugkVoQcqkiLoRCm5cVrBa6AxDJr1tQzOZIckIZfB33PgrbhQUdeuPmNYRfB0IHM695+beE6WCa+N5r05pbn5hcam8XFlZXVvfcDe3LnWSKQYdlohEdSOqQXAJHcONgG6qgMaRgKtofDqtX12D0jyRF2aSQhDToeQDzqixUui2/AiGXObMztA3Ff8aGKYhwSe4RvaxV/f9L61ZaKRe8UH2vxyhW/Ua3gz4LyEFqaIC7dB99PsJy2KQhgmqdY94qQlyqgxnAuwKmYaUsjEdQs9SSWPQQT679AbvWaWPB4myTxo8U787chprPYkj2xlTM9K/a1Pxv1ovM4PjIOcyzQxI9vnRIBPYJHgaG+5zBcyIiSWUKW53xWxEFWXGhjsNgfw++S+5bDbIYYOcH1RbXhFHGe2gXVRDBB2hFjpDbdRBDN2ie/SEnp0758F5cd4+W0tO4dlGP+C8fwBclqJP</latexit>(
~a1 = (1, 0)

~a2 = (1, 1)

<latexit sha1_base64="TE3SchTveHjUhkxOVGpaZ6tJJMI="></latexit>(
~b1 = 2⇡(1,�1)
~b2 = 2⇡(0, 1)



MSE-468 Atomistic and Quantum Simulations of Materials, G. Pizzi, Spring 2025, EPFL

The first Brillouin Zone (2D)
Same real-space lattice, different choice of Bravais lattice vectors 

=> different choice of reciprocal vectors, but same reciprocal lattice

Real 
space

Reciprocal 
space
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~a1 = (1, 0)

~a2 = (0, 1)

<latexit sha1_base64="/U3Np+JCKlzhiwq4gkffiI8W0Aw="></latexit>(
~b1 = 2⇡(1, 0)
~b2 = 2⇡(0, 1)
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~a1 = (1, 0)

~a2 = (1, 1)

<latexit sha1_base64="TE3SchTveHjUhkxOVGpaZ6tJJMI="></latexit>(
~b1 = 2⇡(1,�1)
~b2 = 2⇡(0, 1)

First Brillouin Zone (BZ): 
region of points in reciprocal space 
that is closer to the origin b=(0,0) 

than to any other point
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The first Brillouin Zone (2D)
First Brillouin Zone (BZ): 

region of points in reciprocal space 
that is closer to the origin b=(0,0) 

than to any other point

• Any integral over the whole reciprocal 
space: equivalent to integrating just in the 
BZ (blue) or in the primitive reciprocal cell 
(orange) because of PBC 

• Primitive reciprocal cell easier numerically 

• BZ is instead better to "understand", as it 
"preserves" the system symmetries
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The first Brillouin Zone (3D)

Simple cubic FCC BCC

...
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Band structures

Enk

k

0 eV

-10 eV

ψnk (x)

Ingredient: 
periodic 

wavefunction unk

• Plot of energy bands as a function of k in reciprocal space 

• k is a 3D variable! How can we get a 4D plot? Band paths through 
high symmetry points
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Silicon bands
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Seekpath

• All possible BZs 

• Can parse an input 
structure and provide the 
corresponding BZ 

• Provides the coordinates of 
the high-symmetry points 

• Provides a suggested band 
path 

• Provides input templates 
for various codes (including 
Quantum ESPRESSO)

https://www.materialscloud.org/seekpath

https://www.materialscloud.org/seekpath
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Band Structure of the Free Electron Gas

• An equivalent solution found by 
shifting by a G vector 

• Bands "fold": several bands in 
the BZ equivalent to single 
parabola without PBC 

• Zone folding depends on unit 
cell (arbitrary for free electron 
gas, given by system in actual 
crystal)
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Adding a periodic potential

• Weak periodic potential 
(from atoms) opens up gaps 
at BZ edge 

• Certain energies become 
forbidden (no electron, 
independent of n and k, can 
have those energies): 
band gap
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Free electron bands and folding

1D 3D 
(FCC lattice)

https://osscar-quantum-mechanics.materialscloud.io/
voila/render/band-theory/free_electron.ipynb
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Free Electron Gas vs. Silicon

L Γ X U|K Γ L Γ X U|K Γ

https://osscar-quantum-mechanics.materialscloud.io/voila/render/band-theory/free_electron.ipynb
https://osscar-quantum-mechanics.materialscloud.io/voila/render/band-theory/free_electron.ipynb
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Band Structure of Diamond 
(ARPES measurement)
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From atoms to solids
Atoms get closer and interact 

1. Bonding/antibonding 
orbitals from 

chemical bonds 
2. Anticrossing creates 

'energy bands'

Atoms far away 
Atomic levels 

are all degenerate
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Differential eqs. as a linear algebra 
problem

Ĥ Eψ ψ=

{ }
1,

orthogonal n n n
n k
cψ ϕ ϕ

=

= ∑

ψϕψϕ mm EH =ˆ

mn
kn

mn EcHc =∑
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What choice for a basis ?

• For molecules: often atomic orbitals, or 
localized functions as Gaussians 

• For solids, periodic functions such as sines 
and cosines (plane waves)
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Expansion in a basis
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Plane wave expansion
ψ n


k (
r ) =un k (

r )exp i

k ⋅ r( )

un k (
r ) = cn k


G exp(i


G ⋅


G
∑ r )

• It is a 3D Fourier 
transform! 

• In 1D: expansion of 
wave functions as a 
function of eiGr plane 
waves (i.e.: sines and 
cosines)
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Plane wave expansion

ψ n

k (
r ) =un k (

r )exp i

k ⋅ r( )

un k (
r ) = cn k


G exp(i


G ⋅


G
∑ r )

• Important! 
• "k points": in the first BZ, give 

long-range modulation of 
wavefunction 

• "G vectors": reciprocal lattice 
vectors (discrete lattice): high-
frequency oscillations to 
approximate the periodic part unk unk
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3D: the cutoff sphere
• Size of plane-wave basis set ("resolution") can be 

defined by the number of vectors (but depends on 
lattice parameter, since spacing of G vectors ~1/a) or 
more "transferably" by kinetic-energy cut-off

<latexit sha1_base64="whBRgSQu+dC5D7eG5BxL/l0j2pg="></latexit>
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• Only include those G that satisfy
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3D: the cutoff sphere
• Size of plane-wave basis set ("resolution") can be 

defined by the number of vectors (but depends on 
lattice parameter, since spacing of G vectors ~1/a) or 
more "transferably" by kinetic-energy cut-off
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~2
2m

|k+G|2 < Ecuto↵

• Only include those G that satisfy

NOTE: kinetic operator (second derivative) 
is simply a multiplication in reciprocal space!
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Brillouin zone integrations
• Integrals over all space (or, in practice, over the BZ) 

needed to get densities and energies

<latexit sha1_base64="Xw77ED4wmu7lxPj1IknAia65sEY="></latexit>
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nk
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In particular: 

sum (actually, average) 
over reciprocal space 

NOTE: sum is ONLY 
over occupied states

Sum over all possible 
quantum states that 

are occupied by electrons
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Brillouin Zone integrations

1. Sampling at one point (the best – Baldereschi point, or 
the simplest – Gamma point) 

2. Sampling at regular meshes (Monkhorst-Pack grids) 
3. For metallic systems, integration of the discontinuity is 

improved introducing a fictitious electronic temperature 
(see later)
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Monkhorst-Pack meshes

• Regular, equispaced meshes in the Brillouin 
Zone (can be generated automatically by 
Quantum ESPRESSO – “automatic” keyword) 

             (4,4,4) shifted          (4,4,4) unshifted
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Supercells and k-points sampling
• You never have a "converged" k-points mesh 
• If you make a supercell, to get the same exact total 

energy you need to adapt the k-points accordingly

a1

a2

a'1

a'2

b1

b2

b'1

b'2

Real space Reciprocal space

4x4 mesh

2x4 mesh
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Symmetry

• Symmetry operations: actions that 
transform an object into a new but 
undistinguishable configuration 

• Symmetry elements: geometric entities 
(axes, planes, points…) around which we 
carry out the symmetry operations 
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Exploiting symmetry
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Time-reversal symmetry

Periodic Hamiltonian for unk  
(apply Bloch form unk eikr to H) 

( ) ( )ruru knnk
!! *

-=
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Bravais Lattices and k-points in 
INPUT_PW (Quantum ESPRESSO pw.x)

https://www.quantum-espresso.org/Doc/INPUT_PW.html
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The plane-wave basis set: summary

• Systematic improvement of completeness/resolution 
• Huge number of basis elements – only possible 

because of pseudopotentials (we will discuss later) 
• Allows for easy evaluation of gradients and Laplacian 
• Kinetic energy in reciprocal space, potential in real 

space (FFT - Fast Fourier Transforms - performed to 
move between reciprocal and real space) 

• Basis set does not depend on atomic positions: there 
are no Pulay terms in the forces

https://www.quantum-espresso.org/Doc/INPUT_PW.html


MSE-468 Atomistic and Quantum Simulations of Materials, G. Pizzi, Spring 2025, EPFL

Other possibilities - many

• Gaussian basis sets (Hartree-Fock codes) 
• Real space representations 
• LCAO 
• LMTO, LAPW 
• Wavelets 
• ...

MSE-468 Atomistic and Quantum Simulations of Materials, G. Pizzi, Spring 2025, EPFL

Pseudopotentials

From Eckhard Pehlke lecture notes – Fritz-Haber Institut 
http://www.fhi-berlin.mpg.de/th/Meetings/FHImd2001/pehlke1.pdf
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Pseudopotentials
• Core states: 

• Chemically inert, I care only of 
valence states for chemical 
bonding (flat bands) 

• Very large (in abs value) energy 
=> small % error gives large errors 
on the total energy of the system 

• Very localised => require a lot of 
plane waves to be represented

1s 2s 3s

• Valence states: 

• need also large oscillations close 
the nucleus in order to be 
orthogonal to the core states
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Convergence as a function of the 
number of G vectors (1D example)

See OSSCAR notebook:  
https://osscar-quantum-

mechanics.materialscloud.io/
voila/render/band-theory/
FFT_and_planewaves.ipynb 

Convergence of the 
norm of of the function vs. 
the number of plane waves 
(i.e., of G vectors) in the 
expansion

https://osscar-quantum-mechanics.materialscloud.io/voila/render/band-theory/FFT_and_planewaves.ipynb
https://osscar-quantum-mechanics.materialscloud.io/voila/render/band-theory/FFT_and_planewaves.ipynb
https://osscar-quantum-mechanics.materialscloud.io/voila/render/band-theory/FFT_and_planewaves.ipynb
https://osscar-quantum-mechanics.materialscloud.io/voila/render/band-theory/FFT_and_planewaves.ipynb


MSE-468 Atomistic and Quantum Simulations of Materials, G. Pizzi, Spring 2025, EPFL

Convergence vs number of G vectors 
(and computational cost)

MSE-468 Atomistic and Quantum Simulations of Materials, G. Pizzi, Spring 2025, EPFL

Norm-conserving pseudopotentials
• Real and pseudo valence eigenvalues agree for a chosen 

atomic configuration 
• Real and pseudo wavefunctions agree beyond a core radius 
• The integral of real and pseudo charge from 0 to a distance 

greater than core radius agree 
• The logarithmic derivatives of the real and pseudo 

wavefunctions, and their first energy derivatives, agree for 
distances greater than the core radius 

• It means that the atom and the pseudo-atom have the 
same scattering properties (how they scatter plane 
waves into spherical waves)
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Non-local, norm conserving

Different angular 
momenta scatter 
differently from the core 
(states that have shells 
below them, with same 
angular momentum, 
are repelled more)

Non-local 
pseudopotential

Pseudopotential Pseudo-wf

Pseudo-wfPseudo-wf

MSE-468 Atomistic and Quantum Simulations of Materials, G. Pizzi, Spring 2025, EPFL

Pseudopotentials

https://osscar-quantum-mechanics.materialscloud.io/voila/render/index.ipynb

https://osscar-quantum-mechanics.materialscloud.io/voila/render/index.ipynb
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Wavefunction and charge density cutoffs
<latexit sha1_base64="rgwgdx7i1aghVQL5kYH1Q9nFP6w="></latexit>
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Sphere for charge density: 
twice the radius of the sphere 

of the wavefunctions
Double radius implies 

4x energy cutoff 

Given an energy cutoff for the 
wavefuntions (ecutwfc), you 
need 4x that cutoff for the 
charge density (ecutrho)
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Note on ultrasoft pseudopotentials (USPP)

D. Vanderbilt, Phys. Rev. B 41, 7892 (1990) 
www.physics.rutgers.edu/~dhv/talks/bangalore-july06.pdf

• Release norm conservation, to obtain smoother pseudo wave 
functions 

• Split pseudo wave functions into two parts:  
(1) Ultrasoft valence wave function (not norm conserving) + 
(2) a core “augmentation charge” 

• USPP are norm-conserving in a 
generalised sense:

<latexit sha1_base64="wRAoSMqbE1ZhN2roY/jQ3MW77RI="></latexit>
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Note: the charge density is physical => 
its cutoff cannot be reduced;  
but we can reduce the cutoff 
for the wave functions

http://www.physics.rutgers.edu/~dhv/talks/bangalore-july06.pdf
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SSSP: a library of pseudopotentials with 
convergence tests (for the cutoffs)

https://www.materialscloud.org/sssp/

https://www.materialscloud.org/sssp/

